Abstract-Base station (BS) cooperation schemes allow substantial spectral efficiency gains since users in adjacent cells might be able to use the same physical layer resources. To achieve this, the user's signals are detected at a central unit instead of at the BS, as in conventional systems. This means that the BS must sample and quantize the received signals and send them to the central unit through backhaul links. To reduce the required load in the backhaul links it is desirable to quantize the signals with a relatively small number of bits, which can lead to substantial quantization errors.
I. INTRODUCTION
Higher spectral efficiency will be the key factor concerning the design and management of future wireless systems in the medium and long term future, such as 5G networks. To avoid inter-cell interference, conventional cellular systems assign different physical layer resources (e.g., different frequency bands). This leads to orthogonal links in different cells, allowing the use of conventional point-to-point communication techniques, which can work close to the maximum theoretical capacity. However, this reduces the overall system's spectral efficiency and capacity. Therefore, a universal frequency reuse where users in adjacent cells use the same physical layer resources, would be the ideal scenario. This leads to multipoint to multi-point communication scenarios, which promise substantial capacity gains, but require much more complex detection schemes [1] , [2] .
Base station (BS) cooperation techniques are promising techniques to achieve this goal. Contrary to conventional techniques, where there are clear links between each mobile terminal (MT) and a given BS, in BS cooperation schemes MTs at adjacent cells share the same physical layer resources, which leads to substantial interference levels at the receiver (the BSs, in the uplink case). Therefore, the BSs might not able to detect the signals associated to a given user. Instead, they send those signals to a central unit that performs the multiuser separation. This concept is consistent with the cloud (or centralized)-radio access network (C-RAN) concept [3] , where one can perform physical layer procedures such as multi-user detection at a central unit.
For the uplink, the best transmission schemes are probably single-carrier with frequency-domain equalization (SC-FDE) schemes [4] , [5] , mainly due to the reduced envelope fluctuations of the transmitted signals, namely when compared with orthogonal frequency division multiplexing (OFDM) signals, allowing efficient power amplification. By employing the iterative block decision feedback equalization (IB-DFE) concept [6] , one can define powerful iterative frequencydomain multiuser receivers [7] , [8] , which are suitable for BS cooperation systems [9] , [10] .
Within those BS cooperation systems, the signals received at each BS need to be sent to the central unit that performs their separation through a backhaul link. For this purpose, the signals need to be sampled and quantized, which means that some non-negligible quantization error is almost unavoidable when one does not want to overwhelm the backhaul links. If the quantization noise characteristics are known, one can design robust receivers [10] . Usually, it is assumed that the quantization noise has an uniform distribution [11] , which is reasonably accurate if the number of quantization levels is high and the quantizer does not saturate. By taking advantage of the Gaussian-like nature of the received signals at each BS (which is a reasonable approximation for multipath channels, even with just a single user), one can easily obtain analytically the power of the quantization noise [10] . However, as with the uniform quantization error approach, this does not take into account the spectral characteristics of the quantization noise, which is especially important for fractionally-spaced sampling (i.e., multiple samples per symbol), something important to take full advantage of the inherent frequency diversity effects associated to signals with larger than minimum Nyquist band and/or to design receivers able to cope with synchronization errors. In this case, one needs to employ inter-modulation product (IMP) analysis to characterize the quantized signal [12] . However, since the quantization characteristic is strongly nonlinear, with multiple discontinuities, the required number of IMPs for an accurate characterization of the quantized signals might be too high, leading to complexity issues and/or numerical problems.
A simplified method for obtaining an equivalent, polynomial nonlinear characteristic with low-degree was proposed in [13] . In this paper we use this approach for evaluating quantization effects in BS cooperation schemes. Our approach is to take advantage of the approximately Gaussian characteristics of the received signals at each BS and to define an equivalent polynomial nonlinearity with relatively small degree that leads to signals with essentially the same spectral characteristics as the quantized signals. This equivalent nonlinearity allows very accurate estimates of the variance of the quantization noise, as well as its spectral characterization even when oversampled signals are considered. This paper is organized as follows: Section II describes the BS cooperation architecture considered in this work. Section III describes a simple method for obtaining the spectral characterization of the quantization noise. Section IV presents some performance results and Section V points out the conclusions. Fig. 1 shows the adopted cellular scenario that is composed by P MTs sharing the same physical channel and transmitting to R receiving BSs, which can cooperate to improve the system overall performance and provide macro-diversity effects. Contrarily to conventional systems, in BS cooperation the information from other MTs is not considered as interference and it is not ignored. The overall signals received at each BS are quantized and sent to a central processing unit that performs the separation of the different transmitted signals and then forward them to the corresponding BS. Each MT employs a SC-FDE scheme, where the data block associated with the N symbols from the pth MT (p = 1, 2, ..., P ) is {s n,p ; n = 0, 1, ..., N − 1}. The data symbols s n,p are selected from quadrature phase shift keying (QPSK) constellations according to a Gray mapping rule, and the corresponding frequencydomain data block is the discrete Fourier transform (DFT) of {s n,p ; n = 0, 1, ..., N − 1}, i.e, {S k,p ; k = 0, 1, ..., N − 1} = DFT {s n,p ; n = 0, 1, ..., N − 1}. After removing the samples associated to the cyclic prefix, the useful signal received at the rth BS is {y (r) n ; n = 0, 1, ..., N −1} (r = 1, 2, ..., R), in which the corresponding frequency-domain block is {Y
II. SYSTEM CHARACTERIZATION
where N (r) k denotes the channel noise at the rth BS and the kth frequency, and H
k,p denotes the channel frequency response between the pth MT and the rth BS, for the kth frequency. The coefficient ξ p,r is a weighting factor that accounts for the combined effects of power control and propagation losses, i.e., the average received power associated to the pth MT at the rth BS is |ξ p,r | 2 , in which normalized channel frequency responses are assumed,
Due to the time-dispersive nature of the channels between the MTs and the BSs, the real and the imaginary parts of the samples {y 
where f (y) denotes a "mid-rise" quantization characteristic characterized by the normalized clipping level s M /σ y and N b bits of resolution. The quantization step is Δ = (2s M )/(2 N b − 1). Thanks to the Bussgang's theorem [14] , the quantized signals can be decomposed as the sum of uncorrelated useful and distortion terms, i.e.,
where d n denotes the quantization noise and the scale factor α can be obtained as
The average power of the input signal is P in = 2σ 2 y and the output power is
The quantization noise variance is
There are three approaches to obtain the spectral characterization of the quantization noise:
• Assume that the quantization noise has a flat spectrum and its power is given by Δ 2 /12 [11] . This approach is only adequate when the quantizer saturation effects are negligible, and when the input signal is not oversampled. Moreover, the input signal must have a rectangular spectrum.
• Assume that the quantization noise has a flat spectrum and its power is given by (6) [10] . This approach accounts for joint quantization and saturation effects, but only works for Nyquist sampled signals and when the input signal has a rectangular spectrum.
• Characterize the quantization noise spectrum using the IMP analysis of [12] . This method works even for oversampled signals and/or when the spectrum of the input signal is not rectangular. However, this approach presents complexity and even convergence issues, especially in the cases of interest (i.e. for low resolutions and low clipping levels), when the quantization curves can only be approximated by a large number of polynomial terms.
III. EQUIVALENT NONLINEARITIES
In this section we propose a simple, yet accurate method to obtain the variance and spectral properties of the quantization noise when the signals at the input of the quantizer are Gaussian distributed, have an arbitrary spectra and are oversampled by a factor of M . Let us consider a complex Gaussian signal whose the real and imaginary parts are modelled by the random variable y and that has autocorrelation R y,n . Additionally, let us represent the quantizer characteristic by f (y). At the output of the quantizer, the autocorrelation of the nonlinearly distorted signal is a function of the input autocorrelation [12] 
where R y,0 = 2σ 2 y is the average power of the input signal and P 2γ+1 is the power associated to the IMP of order 2γ +1, defined as
where H 2γ+1 (·) is the Hermite polynomial of order 2γ+1. The average power spectral density (PSD) of the quantized signal is obtained by taking the DFT of the output autocorrelation, i.e., G y,k = DFT(R y,n ). As (7) must be truncated to the first n γ IMPs, this approach implicitly involves a polynomial approximation for the nonlinearity. For this reason, it is only suitable for smooth nonlinear characteristics that can be approximated with few polynomial terms. However, the quantization characteristics are severe nonlinearities, and their polynomial approximation is difficult due to the requirement of high values of n γ and even the existence of convergence issues. Fig. 2 clear that the when n γ = 2, there are substantial differences between the two curves in both the in-band and out-of-bandregions. The theoretical and the simulated PSD only match in the in-band region when a high value of IMPs (i.e., n γ = 10) is considered, but in the out-of-band region there is still a considerable difference, which clearly shows the existence of both complexity and/or convergence problems.
To overcome these problems, it will be good to obtain a smoother, equivalent nonlinearity that gives rise to signals with the same spectral characterization of the quantized signals. In order to understand the idea behind this equivalent nonlinearity it is important to look to Fig. 3 , that shows the spectral characterization of a quantized signal composed by the sum of the transmitted signals from P = 3 users in a given BS. It is considered that N = 512, M = 2 and the existence of I = 32 multipath rays between each MT and the BS. Both the total PSD obtained with the DFT of (7) and the PSD associated to the contribution of the IMP of order 2γ+1 are shown. From the figure, it can be noted that the PSD associated to P 5 (γ = 2) has very low fluctuations and P 7 (γ = 3) is almost constant. Regarding the time-domain, the autocorrelation of those PSDs can be approximated by Dirac delta functions, which means that all autocorrelations from a given order γ = γ max can be approximated in the autocorrelation associated to the IMP of order γ = γ max , that concentrates the power of the IMPs from γ = γ max to γ = +∞. The idea is to define an equivalent nonlinearity g(y) whose the IMPs 3 are related to the IMPs of f (y) by the following relation
where P f out is computed as in (5). The value of γ max is chosen to guarantee that the PSD associated to the contribution of the IMP of order 2γ max +1 is constant. The equivalent nonlinearity is hence characterized by
In order to obtain the polynomial coefficients {T γ ; γ = 0, 1, ..., γ max }, the power of the IMPs of g(y) must be related with their expression. However, they are not linearly related (see the general definition of the power associated to a given IMP in (8)). For this reason, we redefine the IMPs of g(y) as
where the coefficients {ν
In (12), one can note that the coefficients {ν g 2γ+1 ; γ = 0, 1, ..., γ max } are linearly related with g(y). Thus, the polynomial coefficients {T γ ; γ = 0, 1, ..., γ max } can be obtained 3 In this section we employ the superscript f or g to distinguish between the conventional quantization curve and its equivalent nonlinearity, respectively. by substituting (10) in the first line of (12), i.e., is clear that these equivalent nonlinearities are smoother than their correspondent quantization characteristic, however, it is worth to mention that they do not constitute a polynomial approximation for that characteristic.
IV. PERFORMANCE RESULTS In the following we present a set of results concerning the spectral characterization of the quantization noise by making use of the equivalent nonlinearities presented in the previous section, and we compare this results with the ones obtained by the conventional approaches described in Section II. considered, even when a high number of IMPs (n γ = 10) are taken into account. On the other hand, the classical approach that considers that the power of the quantization noise is Δ 2 /12 is only accurate when the normalized saturation level is high, since it does not account for the saturation effects. However, the approach of [10] and the approach proposed in this work with γ max = 5 are very accurate, and their values are almost equal to the simulated ones. Truncated IMP (n γ = 10) Simulation Approach of [10] Equivalent Nonlinearity (γ max = 5) Fig. 6 . PSD of the quantization noise obtained both by simulation and theoretically considering several approaches and an oversampling factor of M = 2.
it can be noted that the approach of [10] is not adequate when oversampling effects are taken into account. Moreover, it can be noted that the PSD obtained with the equivalent nonlinearity is very accurate even when a low number of terms are considered (i.e., γ max = 5), which contrasts with the high complexity associated to the truncated IMP approach, that needs n γ = 10 IMPs to obtain the same accuracy and that even with that large number of IMPs presents a considerable error in the out-of-band-region when compared to the simulated PSD.
V. CONCLUSIONS
In this paper we propose a simplified method for studying the quantization effects on BS cooperation systems. Our approach was to define an equivalent nonlinearity that can substitute the conventional quantization curves but that leads to signals with essentially the same spectral characterization of the quantized signals. Through a set of performance results, we showed that this equivalent nonlinearity constitutes a simple, yet very accurate tool to make the spectral characterization the quantization noise, even when the signals are oversampled and when the quantizer saturation effects are taken into account.
